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Certain Surfaces with Plane or Spherical Lines of 

Curvature. 

By L. P. Bisenhart. 



§1. Introduction. 

Elsewhere we have considered the surfaces with the same spherical repre- 
sentation of their lines of curvature as pseudospherical surfaces ; we have called 
them the A-surfaces* We have found that they admit of transformations into 
new ^.-surfaces in a way which is a generalization of the Backlund transforma- 
tions of pseudospherical surfaces. In the present paper we wish to study the 
^.-surfaces with plane or spherical lines of curvature in one system and to apply 
the earlier results to these particular surfaces. 

After a brief recall in §2 of the needed results of our former study, we 
proceed in §3 to the discussion of ^.-surfaces with plane lines of curvature in one 
or both systems. We show that the moulure surfaces are the only ^.-surfaces 
with the lines in both systems plane, and then find the character of the curves 
on the sphere which represent plane lines in one system on ^-surfaces. 

In §4 we consider the ^.-surfaces of the Joachimstal type, first in terms of 
the parameters used in §§2 and 3, and then in terms of a set of parameters so 
chosen as to enable us to give the cartesian coordinates of the surface in a simple 
form. We find that among all the ^.-surfaces with the same spherical represen- 
tation and having plane lines of curvature in one system there is an infinity of 
the Joachimstal type, the pseudospherical surface being one of the latter. 

In §5 after noting that for all ^.-surfaces with plane lines of curvature in 
one system the planes of the lines envelope a cylinder, which reduces to a line 
for the surfaces of Joachimstal, we make use of an investigation by Raffy, Sur les 
surfaces a lignes de courbure planes dont les plans envelopment un cylindre (Annates 

*Amer. Journ., Vol. 27, pp. 113-172. 
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de L'Ecole Normale, 1901), and are able to find the expressions for the cartesian 
coordinates of all these surfaces. 

When the generalization of the Backlund transformation of pseudospherical 
surfaces is a generalization of the transformation of Bianchi of the latter, we call 
it the complementary transformation (see §2). In §6 we find that every comple- 
mentary transform of a moulure surface has plane lines of curvature in one 
system ; that every surface with plane lines of curvature in one system has two 
at most of such transforms ; that this is true of no other ^.-surfaces. 

In §7 we find the conditions to be satisfied in order that the curves v = const, 
be spherical and certain particular cases are discussed, including surfaces of 
Joachimstal which are of this class also. In §8 it is given to find the character 
of an J.-surface in order that it may admit of a complementary transform with 
spherical lines of curvature in one system. And, finally, it is shown that there 
are an infinity of ^.-surfaces, each of which admits of an infinity of transforms 
with spherical lines of curvature in one system. 

§2. General Formulae. 

The parameters of the lines of curvature upon a pseudospherical surface of 
unit curvature can be so chosen that the linear element of the surface can be 
written 

( 1 ) ds 2 = cos 2 odu z + sin 2 ad » 2 , * 
where a is a solution of the equation 

/„i 3 2 6> d z a 

(2) 3 - 3 -. -3=sin U cos tt ; 

and every solution of this equation determines a pseudospherical surface. The 
linear element of the spherical representation is 

(3) da z = sin 2 acZw 2 + cos z adv z * 

This evidently is the expression for the linear element of the spherical represen- 
tation of the lines of curvature of certain ^.-surfaces, and each solution g> of equa- 
tion (2) gives rise to a whole group of these. For if the linear element of such 
a surface be written 

(4) ds 2 = A 2 du 2 + CHv\ 

* Darboux, Lemons, t. Ill, p. 377. 
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the coefficients A and C must satisfy the conditions 

(*\ _ I cA_da 1 dC_do 

[ > C dv~dv' A du~du' 

and every set of functions A and C satisfying these equations determines an 
^.-surface. We have shown* that the solution of the system (5) requires the inte- 
gration of a Laplace equation, from which one gets an idea of the number of 
^.-surfaces in a group with the same spherical representation. 
Consider the system of equations 



(6) 



36 , da -a 

-._— -+- ~- = cos o) sin 0, 
ou ov 

dd , da ■ a 

^ — h ~— = — sin a cos v. 
ov ou 



The integration of this system is reducible to the solution of a Riccati equation ; 
consequently the general integral involves an arbitrary constant. Given a par- 
ticular integral B 1 ; in the tangent planes to an J.-surface with the spherical 
representation (3), draw the lines through the points of contact, making the 
angle 0j with the lines of curvature v = const. We have shownf that the planes 
perpendicular to the tangent planes and meeting them in these lines envelope a 
new ^.-surface S t with the lines of curvature parametric, and for which the linear 
element of the spherical representation is 

(7) dof = sin 2 0,dt*» + cos 2 d^v* ; 

and the coefficients of the linear element of Si have the expression 



(8) 



Ai= -= — \- C J? + cos BAA cos a -f C sin a), 
ou ou 

C x = -~ A -^ + sin X ( A cos a + O sin a) . 



We call this transformation complementary; when the given surface is pseudo- 
spherical it is the transformation discovered by Bianchi and called after him by 

Darboux. 

§3. A-Surfaces with Plane Lines of Curvature. 

In order that the lines of curvature v = const, on a surface be plane it is 
necessary and sufficient that the spherical representation of these lines be small 



*Amer. Journ., 1, c. p. 118. 
t Amer. Journ., 1. c. p. 129. 
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circles, and consequently that the lines have constant geodesic curvature. The 
general expression for the geodesic curvature of the lines v = const, is* 

-1— __ 1 dVB 

where E and G have their customary significance. Hence, if the given surface 
is an ^-surface with the spherical representation (3), the condition that the 
curves v = const, on the sphere be circles is 

(9) -J-^=V, 

sin a ov 

where V denotes a function of v alone. In a similar manner the necessary and 
sufficient condition that the lines u = const, be plane is 

(io) -i-g^tr, 

cos a ou 

where U denotes a function of u alone. If these conditions are to be satisfied 
simultaneously, we must have 

^(sino. F) = a -(cos6>Z7), 
which reduces by means of (9) and (10) to 

Z7.F=0. 
Assume that V= 0, then it follows from (9) that o is a function of u alone. We 
have shownf that this is the necessary and sufficient condition that the corre- 
sponding ^.-surfaces be moulure surfaces. Hence moulure surfaces are the only 
A-surfaces with plane lines of curvature in both systems. 

We limit ourselves now to the case where only the lines v = const, are 
plane. Equation (9) must be satisfied, which may be written in either of the 
forms 

(u) .*/J-g)=o, |/JL.a»W 

ou\smaov/ ov Vsin a ou ' 

Write these equations in the form 

/ , \ da TT ■ da Tr . 

(12) 5-= U sin a, ~- = V Bin a 

ou ov 

*Bianchi, Lezioni I, 181. 
■fAmer. Journ., 1. c. p. 132. 
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and substitute in equation (2); by means of (12) the result may be reduced to 

yi jji 

(13) C0S6)= u2 _^y Z+ ± y 

"When this value of o is substituted in the first of (12), it becomes 

(14) UU" — ~--U ,2 -(U 2 — if- y % ^-+ 2(U* — 1)V 2 + 7' 2 -F*=0; 
in like manner the second of (12) becomes 

(15) VV» + ~ — V' 2 — {U*—1) 2 — U*^+ 2(U 2 —1)V 2 + U' 2 — F* = 0. 
Differentiate (14) with respect to v; this gives 

(16) F[F-^— 2(E/" 2 — 1)74- 2F 3 -F"1=0. 

If V is zero, a as given by (13) is a function of u alone, in which case the 
corresponding surfaces are moulure surfaces, and consequently the lines of curva- 
ture are plane in both systems. Excluding this case, equation (16) may be 

written 

777/ yn 

!jL-2(U 2 -l)+2V 2 -j r = 0, 

which may be replaced by the two equations 

TT" V 1 ' 

(17) % 2(U*—l) = a, V r — 2V 2 = a, 

where a denotes a constant. Prom the first of these we have 

(18) U< 2 = U 4 +(a— 2)U 2 + b 

where b is a constant. When this value is substituted in (14), one gets 

(19) V 2 — V* + aV 2 +(a + b— 1). 

This value of "Pis seen to be consistent with the second of (17). And these 
values of ETand V determined by these equations satisfy equation (15). Hence 
every solution of equations (18) and (19) gives a configuration upon the sphere 
which serves for the spherical representation of the lines of curvature of J.-sur- 
faces with the lines v = const, plane. As a and o are arbitrary constants, there 
is a double infinity of these systems and they are determined by two quadra- 
tures, as is seen from the form of (18) and (19). 
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§4. A- Surfaces of Joachimstal. 

Surfaces with plane lines of curvature in one system, such that all the 
planes pass through a line L, are called surfaces of Joachimstal. We inquire 
whether any of these surfaces are .^.-surfaces. 

The necessary and sufficient condition that a surface S with plane lines of 
curvature in one family be a surface of Joachimstal is that the lines of curvature 
in the other system lie on spheres which cut the surface orthogonally ; in this 
case the centres of the spheres lie on the line L*. If a curve C on S is the 
intersection of S and a sphere, which cuts the surface orthogonally, the radii of 
the sphere to the points of C form the developable circumscribing S along C, and 
the centre of the sphere, since it is the vertex of the cone, is the centre of the 
geodesic curvature of C, by the theorem of Beltrami ;f evidently this curvature 
is constant. Conversely, Brioschi has shown that when a line of curvature has 
constant geodesic curvature, it is the intersection of the surface and a sphere 
cutting the surface orthogonally. J Hence our problem reduces to the deter- 
mination of the ^.-surfaces with the lines v = const, plane, and with the lines 
of curvature u == const, of constant geodesic curvature. 

In consequence of (5) the geodesic curvature of the lines u = const, is 

given by§ 

J_„ 1 dC_ 1 da 
o u AC du Cdu 

hence for these lines to be of constant geodesic curvature we must have 

dv\c dJ 

At the same time equations (11) must obtain ; consequently we must have 

(20) C=C7isino, 

where JJ X is any function whatever of u alone. From the second of equations (5) 
we find that 

sin a . TJ-l 

(21) A — #icosa>+ c£[ , 

du 



* Bianchi, Lezioni, Vol. II, p. 269. 
t Bianchi, lb., Vol. I, p. 277. 
X Bianchi, Lezioni, Vol. II, p. 296. 
§ Bianchi, Lezioni, I, p. 181. 
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where the accent denotes differentiation with respect to u. In consequence of 
equations (11) these expressions for A and C satisfy the first of equations (5). 
Hence we have the theorem : 

For each value of w given by{\5) there is a family of A-surfaces of the Joachim- 
stal type, depending upon an arbitrary function. 

Their linear element is of the form 

(22) ds* = f r/j cos a + S 1 ')^" 2 + U\ sin 2 a dv\ 

where JJ X is arbitrary and U \s determined by (18). When U x is equal to unity, 
(22) reduces to the form (1). We remarked that for every pseudospherical 
surface whose curvature is equal to — 1 the linear element can be given this 
form; and when the curvature is another constant the linear element is reduci- 
ble to the form (1) multiplied by the constant. Hence pseudospherical surfaces 
with plane lines of curvature in one system are surfaces of Joachimstal. This 
result was obtained first by Enneper,* and on this account pseudospherical 
surfaces of this kind are called surfaces of Enneper. 

From another point of view we shall be able to find the coordinates of these 
surfaces in finite form. For this we remark that Raffyf has shown that any 
surface of Joachimstal can be defined by the equations 



x 



_ y _ 1 sinh(Z7-f- V) 



toon •" — _y — z — u — - — 

{ ' cos v ~ sin v ~ U'cosh(U +V)' U'co8h(U+ V)' 

where U and V are functions of u and v respectively, and the curves v = const. 
are plane lines of curvature and u = const, their orthogonal trajectories. One 
finds for the linear element of the spherical representation of the surface, as thus 
defined, 

rf<T cosh 2 (*7+ V) aU + l_cosh(£T+ V) ** } V ' 

where fi is a function of v alone defined by 

cot fi = V. 

If we put Z7=« a , or write it u= U x where TJ X is such a function of u x that 
when u in U is replaced by Ux it becomes u h the equations of the surface become 

* Gott. Nachrichten, 1868, p. 258. 

tSur les surfaces a lignes de courbure planes, etc., Ann. L'Ecole Normale, ser. Ill, Vol. 18, p. 357 (1901). 
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(on removing the subscript from Wj) 

(23) x — y — ®i z—U 7j/ sinh («+ F ) 

cost; sin v cosh (w -(- F) ' * 1 cosh(« + V) J 

where the prime denotes differentiation with respect to u. Now the expression 
for the linear element on the sphere is 

(24^ do* - sin V du z + l~ sinh > + V ) - ./Ya* 

From the form of this expression it follows that V determines the configuration 
on the sphere, and the character of V j has no effect. 

Darboux* has given the following general method of generating a surface 
of Joachimstal : In a plane which passes through a line L one draws any family 
of circles with centres on L, and also their orthogonal trajectories; if the plane 
is made to turn about L according to any given law whatever, as one passes from 
one trajectory to the other, the locus of the trajectories is a surface of Joachim- 
stal. From this statement and the preceding remark concerning (24) it follows 
that Ux determines the array of circles, and V the motion of the plane. For 
our problem Z7i is arbitrary, and Fmust be determined so that (24) is the repre- 
sentation of the lines of curvature of a pseudospherical surface. 

In order to do this we seek the forms of the functions £7 and Fso that equa- 
tions (23') shall define a surface of Enneper. When a surface is defined by (23'), 
its principal radii of curvature are given by 



(25) 



Pl = — ±-- [sinh ( U+ V) + -^ cosh ( U + F)] , 



_Vl + F« 



P2— jp 



Binh(0-+F) + r -^co8h(*7+7)] 



From these expressions we find that the necessary and sufficient condition that 
the curvature of the surface be — 1 is 

t 7-7/8 -i rjjn V"TT rz "I 

1 - rrr^J + cosh ( u + v \w ~ (i + vy \ = °- 

From (25) it is seen that U' ^ 0. "We consider first the case where V = ; 
from the form of the foregoing expressions it is seen that in all generality we 
may take V — 0, but then equations (23') define surfaces of revolution which are 

*Lejons, Vol. 1, p. 117. 
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an evident solution of the problem, and will be excluded from the further discus- 
sion. With this understanding we put 

(27) 0; = ™ F *= ] 



jjn> '* — 1 + yn 

and take U and V for independent variables, designating differentiation with 
respect to them by accents. Equation (26) reduces to 

(28) 2 tanh ( U+ V)( U 2 - V 2 ) = U z ' - V,'. 

Differentiate this equation with respect to V, and multiply by cosh 3 (U + V); 
this gives 

2(U 2 — V 2 ) — V 2 'smh2(U + V)+ V z "cosh 2 (U + V)=0. 

If this equation be differentiated with respect to V, the result reduces to 

V z — 1 v z , 

from which it follows that 

(29) V z = acosh2V + b sinh27 + c, 

where a, b, c are constants. From the form of (28) it follows that in like manner 

(29') U 2 = a,cosh2Z7+ 5 1 sinh2Z7 + c 1 . 

When these values are substituted in (27) we find 

a x = — a , b 1 = b , c x —c. 

From (27) and (29) it follows that the function V determining a system of lines 
on the sphere which serve for the representation of the lines of curvature of an 
J.-surface of Joachimstal is given by the quadrature 



/ 0A ^ f I acosh2F-f 6sinh2F+c JF _ 

( 30) J y ——— w - : _ __ E __^__ - av-v. 

When the expression for V from this equation is substituted in (23') or (23) 
they define all the ^.-surfaces of Joachimstal. When the parameter u has been 
chosen so that the equations take the form (23), the form of U x for the corre- 
sponding surface of Enneper is given by the quadrature 

0i = ./*Vc — a cosh 2« + b sinh2w . du, 

in consequence of (2,7) and (29'). 

The form of (18) is not altered if u and Fbe replaced by u + x and V — x 
respectively, where x is a constant which can be so chosen as to remove the term 
cosh2For sinh2Ffrom (29). Hence only two of the constants a, b, c are arbi- 
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trary, so that there is on the sphere only a double infinity of the curves sought, 
as was found before. 

§5. A-surfaces with Plane Lines of Curvature in One System. 

We proceed now to the determination of the ^.-surfaces with plane lines of 
curvature in one system which are not necessarily surfaces of Joachimstal. We 
remark that the planes of these lines of curvature are parallel to the correspond- 
ing planes of the lines of curvature of the pseudospherical surface with the same 
spherical representation as the given surface. But, as we have seen, the planes 
for the pseudospherical surface pass through a line L, and consequently for the 
given surface they either pass through a line or envelope a cylinder whose 
elements are parallel to L. We have considered the former in the preceding 
section and now will turn to the latter. For this the recent investigations by 
Raffy* will be of great service. He remarks that if aS' is a surface with plane 
lines of curvature v = const., and S x is the locus of the centres of normal curva- 
ture of these lines, the geodesies v = const, on /Si are the curves of contact of 
circumscribing cylinders, and the angle between the parametric lines on $ is a 
function of v. When, in particular, the planes are parallel to a line L the cir- 
cumscribing cylinders are parallel to a plane normal to L and conversely. 
Taking the 3-axis for the line L, Raffyf finds, for the surfaces for which the 
circumscribing cylinders are parallel to the xy plane, expressions which can be 
put in the form 

' ajj = ( XJ{ cos v + Ui" sin v cot /x) cosh(w -f V) 

— ( U," cos v + Hi sin v cot (i) sinh (u + V) + 4 cos v — ty sin v, 
(31) -j y x = ( JJ{ sin v — W cos v cot ft) cosh(« + V) 

— ( Ci" sin v — Ux' cos v cot (i) sinh (u + V)+ 4sinv + ^ cos v, 
z 1 =U i - Uf, 

where TJ X is an arbitrary function of u, $ an arbitrary function of v; fi denotes 
the angle between the parametric lines on Si and cot (i = V, the function V 
depending only upon v and, as we have seen, determining the spherical represen- 
tation for S. 

From (31) one finds the direction-cosines of the tangents to the curves 
v = const, on /Si; as these are the normals to S, we denote them by X, Y, Z, and 

*Sur les surfaces a lignes de courbure planes, etc. Ann. L'Ecole Normale, ser. Ill, Vol. 18, p. 341. 
tlb., p. 352. 
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find for their values 



(32) 



' X = cos v sin j«tanh(w -+- V) — sin « cos /it, 
F = sin usin p tanh(w. + V) + cos v cos (i , 

Z = — £ 

cosh(« -+- J 7 ")' 

The surface S is defined by 

(33) x — x x — XX, y—y x —XY, z = z x — XZ, 

where X is determined by the condition 

2d*i . X — dX — 0, 
or 

(34) — z= 2X— — = 2,X ^ 

3« 3« ' dv dv ' 

The first of these may be written 

dX _ nF _ {TJ'-TJ<«) cos h (« + F) 
du l sin (i 

from which we get 

(35) X = fri'sinh^+rj-fr/'cosh^+F) () 

where % is a function of v alone. The second of (34) reduces, in consequence of 
the definition of (i, to 

|£ = cos ii VG; = ^ [( TJ{ + ii> U,") cosh (u + V) - ( UW + 0i") sinh (« + F)] 

+ [^(v) + ■^'(■w)] COS (I. 
When the value of X from (35) is substituted in this equation, it is found that 
the function % (v) is determined by 

(36) x '(v) = O (v) + ^"(v)] cos (i . 

From (33), (32), (31) and (35) we have for the coordinates of any ^.-surface with 
the lines v = const, plane 

VUi' — y sin u sinh (u + V) , , ~| . r . , v , . 

x = — ^ — FTfjTyl + v* cos » I cos w + [% cos v — (^ cos vyj sin «, 

[Z7/ — y sin « sinh (u + F) . . 1 . r ,, Nn 

-* — cc>s hL + F) + ^ C0S v J Sin » — U cos v — (^ cos V )Q cos *. 



(37) 



_ „- fl"/ sinh (w + V) + % sin ^ 
"" * cosh(« + F) 

8 



(38) 
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where V is determined by the quadrature (30), TJ X and 4> (*>) are arbitrary and 
X (v) is given by (36). For 4- = and consequently % = °> formulae (37) reduce 
to (23), that is, 4 = is the necessary and sufficient condition that, they be 
surfaces of Joachimstal. From (37) we derive the following expressions for the 
coefficients of the linear element of S 

w _ \ Smh(u+V).U 1 ' + X sin(i _ WJ 

L 0i'cosh(t«+F) wr 

G — X-. K =,-. — v \ tanh (u + V) — u'\ + v' tan (il. 

Lsin^cosh(«+ 7) *' v ; n * r J 

In particular, when a = b = in (30) it reduces to 

V = a/ c v -f- const. 
* c 

Hence if the parameters are real, < c< 1. Now 

cotp=l + F 2 = -£, 
hence the parametric lines on S x cut one another under constant angle. 

§6. Complementary Transformations of Certain A-Sur faces. 

Consider an -4-surface S with the spherical representation of its lines of 
curvature given by (3). Let S x be a complementary transform corresponding to 
a particular integral 6 of the system (6). Further we assume that the lines of 
curvature v = const, on S t are plane; for this we must have (11) 

1/_L_ W)= o. 

3v\sin 6 du/ 

By means of (6) this equation may be replaced by 

/™\ • a d % a , n da da , da ~ 

(39) sin d ~-x + cos ~- ~- + sin a ~— = 0. 

v ' dir du dv dv 

This equation is satisfied identically when >.- = 0, that is, when S is a moulure 

surface. Hence : 

The complementary transforms of a moulure surface have plane lines of curva- 
ture in one system. 

From (39) it is seen that, if S is not a moulure surface, two at most of its 
complementary transforms have plane lines of curvature in one system. The 
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angle 6 giving these transforms is obtained from (39) ; but this function must 
satisfy (6) also. Instead of solving (39) and substituting in (6), we differentiate 
the former with respect to v and take account of the latter. This gives 

• aV&o , /3u\ a 3u . 3 dal , n da d 2 a . /da\ s 

Sm \M + CsJ dv ~ Sm ° dv\ +C ° s6 dvdudv + C ° S a {dv) 



= 0. 



The values of d given by this equation must be the same as in (39), hence we 

must have 

d s a . /da\ z da ■ 2 da d 2 a da 

~-» + ( ~- ) ~ sin 4 a ~— „ ~ cos a ??- 

. . d« Vdtt/ dw ov_ ouav dv 

^ ' 3 a o ~ da sin a 

dv 2 du 

From the last two we have 

(4i) U-^¥)=^ 

dwVsin a dv / 

that is, the lines of curvature v = const, on S are plane. In consequence of 
(2), the first two ratios of (40) are equal when (41) is satisfied. In like manner 
we differentiate (39) with respect to u and take account of (6); this gives 

. S d 3 a , da{da\ 2 l . a da d 2 a . . d 2 o . 

sin d 5-5-1 + 3-U- +cos8 5 - 5 - 5 -+smo5-5- = l 

\_ouov i ou\av/ J du ouov ouov 

so that a must satisfy 

da d 3 a , da(da\ s _ d 2 a d 2 a _ 
dv dudv 2 du\dvJ dudv dv 2 

But this equation also is a consequence of (41). Hence : 

If the lines v = const, on an A-surface are plane, the two values of 6 given by (39) 
determine complementary transformations, such that the lines v = const, on the trans- 
forms are plane, and on all the other transforms the lines v = const, are shew. 

An exception to this theorem arises for the case where the two values of 
6, given by (39), coincide. The necessary and sufficient condition for this is 

and the single value is given by 

c«> .«-•= -£&)'— ■ 

Suppose we have given a function a, satisfying (42), and we denote by S a 
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surface with the spherical representation of its lines of curvature determined by 
co. Let S be a surface of which S is the complementary transform by means of 
o), and let its spherical representation be given by 

da 2 == sin 2 tydu* + cos 8 $dv % ; 

then d> is a particular integral of the system 

/ . . , da . 3d) • , da , 3d> . . 

(44) ^+ J-=smacos*, -^- + —^ = — coso sin d>. 

v ' du dv dv ou 

In consequence of the above results we know that the lines v = const, on >iS' are 
plane, so that d> must satisfy 

v ' ow\sin d> OM/ 

By means of (45) and (44) equation (42) may be replaced by 

cosec 2 d- . (>p J (3— + cos o sindtj = 0, 

which reduces to 

3d) da . 

dv' dv 

If o) were a function of w alone, all the transforms of S would have plane lines of 
curvature v = const. Hence the above equation gives d»=d»(«), and conse- 
quently S is a moulure surface. We have then the theorem : 

If a surface S is a complementary transform of a moulure surface, it admits 
only one complementary transformation giving rise to a surface with plane lines of 
curvature in one system ; the determining function 6 of the transformation is given 
by (43); for all other A-surfaces with plane lines of curvature there are two such 
transformations. 

§7. A-Surfaces with Spherical Lines of Curvature. 

Enneper* has shown that the necessary and sufficient condition that the 
lines of curvature v = const, on a surface be spherical is that the following rela- 
tion obtains 

A = R cos ct — + Rsina & ~ , 

pi C dv pj 

where R is the radius of the sphere and a the angle under which the latter cuts 

the surface ; both of these quantities are functions of v alone. 

*G6tt. Nachrichten, 1868, p. 431. 
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For an .4-surface 

A = — pjsiau, C = p 2 cos6), 

so that for these surfaces the equation of condition is 

,3c 



(46) 



A = a sin a + a ^-, 
3» 



where a and ^ are functions of v alone. 

Consider first the case where the surface is pseudospherical ; equation (46) 
becomes 

(3 da 



cot a = a + 
Differentiate with respect to u; this gives 



sin cj dv' 



1 



3u 



3w\sin o3«/ 



sin 2 o 3w 

Differentiate again with respect to « and eliminate /?. This gives the following 
condition to be satisfied by a : 

1 da 3/1 3^ 



(47) 

which reduces to 

(48) 



suro du 



du \sin 



1 da\ 
sin a dv/ 



3 / 1 3t>\ 3 2 / 1_ 3t> 



3tt\sin 2 <•> 3m/ 3w 2 \sin 



1 cto\ 
in cj 3«/ 



= 0, 



da 3 3 o 



3« ! 



^ ^ 2 ° _i_ f^Y— = 
a 2 3u3«? \3w/ 3« 



3« 3u 2 3« 
It is evident that equation (47) is satisfied when 

3t*\sin a dv/ ' 

hence when equation (48) is satisfied the curves v = const, on the pseudospheri- 
cal surface are spherical or plane. In like manner when a satisfies the equation 

, s da d 3 a __ cPa dPa . da/da\ 3 __ Q 

* ' dv dudv 2 dv 2 dudv du\dv/ 

the lines of curvature u = const, on the corresponding pseudospherical surface 
are spherical, unless 

* ' 3w\cos a dv) ' 

in which case they are plane. These results have been found by Bianchi.* 



*Aggiunto alia Memolre "Sopra i sistemi tripli, etc." Annali di Hat., Vol. 14, p. 116 (1887;. 
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We pass to the consideration of ^.-surfaces in general with one family of 
spherical lines of curvature. From (46) and the first of equations (5) we have 

(a'sma + 8~ 
^ — + 8' + a cos a 
Zv 

where the accent denotes differentiation with respect to v. When this expres- 
sion for C is substituted in the second of equations (5), the latter becomes 

(52) ' Tcos — — —sin ^" 1 -I- 3 f ^° ^ a — ^ a ^ a 4- _ fjfeVl— o 

L dudv dudv J \_dv dudv* dv 2, dudv duKdvJ J 

If the expression in the first parenthesis is zero, the same is true of the second ; 
as this is the condition that the lines v =■ const, be plane, it may be neglected. 

Another solution of this equation is obtained by taking a' equal to zero, and 
also the expression in the second parenthesis. The vanishing of the latter is 
the condition (49) that the lines u = const, be plane or spherical on the pseudo- 
spherical surface, having the same spherical representation as the given surface ; 
hereafter we shall say that this pseudospherical surface is associated with the given 
surface. Two cases are to be considered according as a is equal to or different 
from zero ; in the latter case it may be taken equal to unity. 

1° a = 0. Prom the definition of a and 8 it follows that in this case a is a 
right-angle and 8 is the expression for the radius of the sphere ; hence when 8 is 
constant the spheres upon which the curves v = const, lie are spherical. The 
linear element of the surface is 

(53) *= = <sW^ + ^) S 7§?, 

\dv) 

where 3 is an arbitrary function of v alone. 

2° a = 1. The projection of the radius of the sphere on the normal to the 
surface is constant. All the spheres have the same radius when 8 is constant, 
in which case the spheres and the surface cut under constant angle and only in 
this case. The linear element of these surfaces is 

coso + 8' + 8^ \>M. 
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Gathering together these results we have the theorem : 

Given a pseudospherical surface with lines of curvature u = const, plane or 
spherical ; among all the A-sur faces with which it is associated there are two fami- 
lies, each containing an infinity of surfaces whose lines of curvature v = const, are 
spherical. 

When the lines u = const, on the pseudospherical surface are plane, they 
are plane for all the ^.-surfaces associated with it. Now 

da jr 

^_ = cos 6) . V , 
ov 

where V is a function of v alone. If we substitute this value in (53), it becomes 

(55) ds 2 = V* cos s adu 2 +( -^ — V l sin a J dv 2 , 

where we have put V 1 = (3V, so that V 1 is arbitrary and Fis determined in a 
manner similar to ?7in §3. If (55) is compared with (22), it will be seen that 
the former defines the linear element of the ^.-surfaces of Joachimstal with 
u = const, plane lines of curvature. In a similar manner we have from (54) in 
this special case 

(56) ds 2 — ( Fj cos a + sin o) s du 2 + ( cos a — V t sin a -+- -4= J dv 2 . 

From this we have the theorem : 

In addition to the family of surfaces of Joachimstal associated with a pseudo- 
spherical surface of Enneper there is another infinite family of A-surfaces with plane 
lines of curvature in one system and spherical lines in the other. Their linear ele- 
ment is of the form (56). 

Excluding these particular solutions of (5.2), we differentiate it with respect 
to u and eliminate a' and /3, with the result 

— ^ _ * d 3 " 3a 3 3 a _ dPa d 2 a , da/da\ 3 

du dv dudv ' dv dudv 2 dv 2 dudv du\dvJ 



(57) 



3 J" 3a da _ ■ d 2 a "1 3 Vda d 3 a 3 3 g> 3 3 q 3a/3a\ 3 ~| 

du\_ du dv dudvj ' du[dv dudv 2 dv 2 dudv du\dv J J 



= 0. 



When a solution of this equation is found and substituted in (5 2), a' can be 
chosen arbitrarily, and /? is entirely determined; the coefficients of the linear 
element are given by (46) and (51). Hence the theorem: 

Given a solution a of equation (57) which satisfies (2); this function serves to 
determine the spherical representation of the lines of curvature of an infinity of 
A-surfaces on which the lines of curvature v = const, are spherical* 
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When <a satisfies equation (49), it is a solution of (57), consequently we have 
the theorem : 

When the lines of curvature u = const, on a pseudospherical surface are spheri- 
cal, there is an infinity of A-surfaces associated with it whose lines v = const, are 
spherical; and the fundamental coefficients are given without quadrature. 

Moreover, when a satisfies (50) it is a solution not only of (49), but of (48); 
this can be shown by differentiating (50) with respect to u. Hence the theorem : 

When the lines of curvature in one system on an A-surface are plane, the lines 
of curvature in the other system are spherical. 

§8. Complementary Transforms with Spherical Lines of Curvature. 

Bianchi has considered* the problem of finding the pseudospherical surfaces 
whose complementary transforms have spherical lines of curvature in one system. 
We shall recall his investigation briefly before proceeding to the discussion of 
the same problem for -4-surfaces in general. 

Denote by 2 the complementary transform of the pseudospherical surface S 
and write the linear element of the spherical representation of the former in the 
form 

(58) da* = sin 2 6du z + cos 2 Bdv\ 

recalling that and o are bound by the relations 

/ cn \ 30 , do . a 30 , do n ■ 

(59) =-+«- = sin cos o, ~- + ~- = — cos sin o. 
au dv dv ou 

For the lines v = const, on 2 to be spherical 6 must satisfy an equation of the 
form (47), which by means of (59) can be written 

A cos0 + £sin0 + C= 0, 
where we have put 

1 /3oN 2 8o . do 8 2 6> 

A = sin of k- ) o — h cos a 75- =5—0-, 
\du/ ov ou ouov 

D 8a/3u\ 2 . 3 3 6) , . do d 2 o 

p . 2 8o 8o _ 36)/3«Y_i_ • d 2 o da d $ o , d z o 3 2 <a 

dudv du\dv/ dudv dv dtidv* dv 2 dudv' 

*1. c. p. 118. 
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From the above it follows that for more than two of the transforms to have the 
desired property, it is necessary that A, B and C be zero. 

Putting A equal to zero, we find that either ~- must be zero or a be a solu- 
tion of equation (50). In the former case S is a surface of revolution with the 
meridians u = const., and we have noted that the latter is the condition that the 
curves u = const, on S be plane. These values make B and G vanish so that 
we have the theorem of Bianchi : 

For all the complementary transforms of a pseudospherical surface S to have 
spherical lines of curvature v = const, it is necessary and sufficient that the lines of 
curvature u = const, on S be plane, that is, S must be a surface of Enneper. 
Bianchi has shown that the transforms are surfaces of Enneper only in case S is 
a surface of revolution. 

We proceed now to the general problem of finding the ^.-surfaces whose 
complementary transforms have spherical lines of curvature in one system, say 
v = const. Let the spherical representation of these lines be given by (58) with 
the relations (59). Now 6 must satisfy an equation of the form (57), which by 
means of (59) can be reduced to 

I cos $ + m sin 6 + n a cos + b sin -f c 



(60) 



-3 pj 

~(l cos + m sin + n) ~-(a cos + b sin + c) 



= 0, 



(61) 



where we have put, for the sake of brevity, 

7 da da d 2 a „• da 

ou ov ov ov 

/da\ z da , 3 3 w • da d 2 a 

a = sin a( ~- ~ — \- ~— »=- sin a — cos a -- ~- 2 , 
\du/ dv du 2 dv ov ore 

, da/da\ 2 ■ da d 2 a 

b = =-[ >.— ) cos a — sin a ~- ~—. 5- , 
du\dv/ ov ouov 

du du*dv ^ dv\duJ du 2 dudv du dv ^ dudv 

From the discussion of equation (57) it follows that equation (60) is satis- 
fied when the lines v = const, on the transforms are plane, that is when 

dv\sin 6 du/ 
But we have seen that, unless the given surface is a moulure surface, only two 
of the transforms will have the curves v = const, plane. Hence when equation 
9 
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(60) is satisfied for more than two values of 6, the lines v = const, on the corre- 
sponding transforms are spherical. 

We return now to equation (60) and find that when the determinant is 
developed the equation can be written 

A+ Bcosd + Csin d + Dam $ cos + E sin 2 = 0, 

where we have put 

,3o 



(62) 



A = nc' — n'c + a'l — al' + (am — bl)^- , 

B = na' — n'a -f- dl — cV + (cm — bn)~-, 

la 



C = nb' — n'6 + c'wi — cm' + (an — cl)~ — \- (bl — am) cos a, 

D = W — 7'i + a'm — am' + (bn — cm) cos w, 

E = m6' — tn'J + al' — a'l + (cl — an)cos a , 
the primes denoting differentiation with respect to u. From the form of the 
above equation it is clear that for more than four of the transforms to have 
spherical lines of curvature, it is necessary that A, B, C, D, E vanish, for we are 
dealing with real surfaces. 

If A and B are equated to zero and the resulting equations are solved for 
a' and c', one finds 



asm-**-} 



a' 



3 3 o -i 

'3o\ 2 , du 2 dv 



(£> 



+ 



da 
dv _ 



/ . da , da da\ 

sin a „ >. + cos a ~- ~- I 
\ dudv du dv/ 



(63) 



-f 2 COS 6) 



3 2 a 3 2 u , 3 da da 
dudv du? du dv 



sin a cos" a 



_3 z a__3a/da\ 3 cosa 
dudv du\dv ) 



+ sin of— Y •-- 
\3v/ 3«3r 



F = o, 



/3o\T/3ov 



ON 2 • , "1 

J-Bin'oj 



3 3 I 

du 2 dv 



(day, Cu'c 
\du) + ~5a 
3v _ 



/3a 3 2 6) . • 

( --5— =y-T- + sin " cos 
Vow dwdv 



do\ 

tt aJ 



(63) 



/ 3 2 Q \» 

— sin o cos a — * + cos 4 a ^- ^— z + 



do 

dv 



da 3 2 o 

dv du 2 



d 2 a/ d 2 a Y 
du 2 \dudvJ 

da 

dv 



+ C0S z O5- 



i2 . 3o 3 2 o 



3m 3m3v 



= 0. 
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These equations are satisfied by —■ equal to zero, and from the expressions for 

a, b, c it is clear that equation (60) also is satisfied by this value. But we have 
seen that for this case the curves v — const, are plane for the transforms, and 
consequently may be neglected. 

Equations (63) are satisfied also when 

bJ- sin " =0 ' 

from which we get 

(64) tan -£- = «. F, 

It 

where Fis a function of?; alone. From the above equation and (2) we find that 

3 2 6) 

PP j is zero, and for cj given by (64) to satisfy this condition V must be a constant ; 

hence this case leads back to the former. 

We consider finally the case where the expressions in the brackets in (63) 
are zero. If the values of a' and c' given in this manner be substituted in the 
expressions for C and D and the latter be equated to zero, we get 

T i da d 2 (j da/dci\ s l_ 

L dv du'dv du\dvJ J ' 

b\m' ?-? - m *?- + ^^Yl= o 
|_ dv dudv du\dv/ J 

From (61) it follows that if b is equal to zero, we have _° zero, which has been 

considered, or w must satisfy (11). When the latter is satisfied, both a and c 
vanish and equation (60) is satisfied. Hence when the lines v = const, on the 
surface are plane and consequently u = const, are spherical, the lines v = const, 
on the transforms, or surfaces with the same spherical representation, are 
spherical. 

There is one further case to be considered, namely, when the expression in 
the parenthesis of (65) is zero, which reduces readily to (49). When this equa- 
tion holds, the values of a' and d obtained from (61) are found to satisfy (63) and 
make E equal to zero. Hence : 

The necessary and svfficient condition that for each solution 6 of equations (59) 
there is an infinity of surfaces with the lines v = const, spherical is that a be a solu- 
tion of equations (2) and (49). 
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Suppose now that we have a function a satisfying these conditions. Among 
all the surfaces with the corresponding representation of the lines of curvature 
there must be an infinity which admit by means of a solution of equations (59) 
transforms upon which the lines v = const, are spherical. We inquire whether 
there are any of them for which the transforms by all the functions 6, given by 
(59), have spherical lines of curvature v = const. 

Denote by A 1 and C x the coefficients of the linear element for one of the 
transforms S x . Now it must be possible for A x and Cj to assume forms of 
expression similar to (46) and (51). Hence from (8) the necessary and sufficient 
condition that all the transforms of the same surface have spherical lines of 
curvature v = const, is that the following equations be satisfied : 



(66) 



dA 
du 

dc 

dv 



+ C^ + Kcosd 
du 

da 



a sin 6 -f fi 



d6 

dv' 



^ S md+^~+(£ + asm6) 6 



A ~ -f a, sin = — 
dv 



da 
dv 



,dn 

dv 2 



\dv 



dv 



dv 



for every value of 6 satisfying (59), and the corresponding values of a and /? 

given by 

d 2 e i , „vde d s e d 2 e 3*0 ^^^3- 



/„_ x daV /j dd dd 
(67) 3- cos 6 — -~- ■ 
av\_ au dv 



sin 



;M 



+!©>»■ 



dudv\ \_dv dudv* 3t> 2 dudv 

where we have put 

(68) % ■= A cos o + C sin a . 

The general solution of (59) involves a parameter, say t, which in general will 
appear in a and (3, but not in A, C and a. If then equations (66) are differ- 
entiated with respect to t, they become 

30 T a d6 , . n da , dBdB , 3 2 



;isin0 



dt 



T n 30 . ■ /} 3a 

= — a cos ^ + sin 



dt 



dt^dvdt^ p dvdt 



(69) 



a d6 

% cos ~- = 
dt 



]• 

3 3 



' • a 3 2 a . a dade . d8 3 2 , o 
8m6 dvdt + 0Os6 d-vdt + didlf + ^dW^ 3»£ 
31 dvdt 



dv 



+ t*co S 
dt 



a 



sin 



dd 

dt 



da . a , r, 3 3 
dy- Sm() + Pw 

\dv) 
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Eliminating \ we are brought to the equation 



— a + 



sin 2 6 d 2 a 
30 dddvdi 
dt dv 



'dv 



(70) 



+ 



H — ott-5 c os -~ sin* sin a ) 

nel™ e w- cos \dv) J J + -w m 



30 
dt dv 



dt 



, sin0|7 . a 30\30 ■ d 2 61 Q n 

+ 7dJ?l{ sm6 - GOS "d^)di>- sm "w>F ==0 - 
\dv) 

Differentiate this equation with respect to u and subtract the two equations ; 
eliminate »~^- from this result by means of its value as given by differentiating 
(67); this gives 



da 
dv 



au dv dudv d*p 



dOda 
dt 'dv 



dvdt 



+ 



. a d s 6 . . a de/d6\* a d6 d 2 6 

sin oror-2 + sin ~-( =- ) — cos 8 ~ ^4 
dudvr du\dv/ du dv 



, f fl 30 30 . a 3 2 \/ S2 a 30 3#\ 

cos V . ( cos 5- ^ sin 0,5-^- )( ~-^ cos ocos0 ~- — «- ) 

\ dudv oudv/\dudv dv dv/ 



3 a 
dudv 

cos fl = — I- sin 



dt 



d6da 
dt dv 



= 0. 



When this equation is differentiated with respect to u, the result reduces in con- 
sequence of (49) to 

E d J— 



dt 



o, 



where R is a function which does not vanish for the above value of a. Hence (3 
is independent of t and the preceding equation shows that a does not involve v. 
Then the expression in the second parenthesis of (67) is zero*; but the latter is 
reducible to the form a cos + b sin + c, where a, b, c have the values (61), and 
for this to vanish for all values of the coefficients must be zero, from which it 
follows that a must satisfy 



(11) 



3/ 1 



3«\sin a dv/ 



£W. 



* p cannot be zero, for In such case we should have from (46) and (51) 

A = asino, C = — ocos«, 
which are the coefficients for the sphere, when a is constant. 
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Now equation (70) reduces to a = 0, and from equations (69) it is seen that 

/L = — (3 sin a. 

By means of (5) equation (68) can now be written 

dC , n ■ do o • du 

cos a » — \- C sin a »- = — a sin <o =-, 
om d« dw 

from which we get by integration 

G = — /? + y cos o , 

^ being a function of v alone. Then for A by (5) we have 

A = — y sin a. 

These values for A and O satisfy the first of equations (66), and the second 

reduces to 

, _ B da 



r = 



sin o dv 



1 s) 

From (11) it follows that — — ^ is a function of v alone, hence all the condi- 
v sin a do 

tions will be satisfied when y is given by 

(71 ) y = - fJL ^ dv + const. 

v ' ' J sin u dv 

Hence we have the following theorem : 

The necessary and sufficient condition that the lines of curvature v = const, be 
spherical for all the transforms of an A-surface, which is not pseudospherical, is that 
the lines v = const be plane on the original surface, and the latter be one of the infin- 
ity of surfaces with the linear element 

ds 2 = y 2 sin 2 udu 2 -\- (y cos o — 8) 2 dif, 

where $ is arbitrary and y is given by (71). The linear element of a trans- 
form is 

** = P\di) du ~ + \P M + £ dv) 7W?- 

KdvJ 

Since not more than two of these surfaces can have the lines v = const, plane 
all the transforms of these surfaces cannot have spherical lines of curvature 
v = const. 

Princeton University. 



